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Testing the Core-Cluster Model Calculations for Some Heavy Deformed Nuclei

L. I. Abou-Salem,* K. E. Abdelmageed,! I. A. Elmashad,’ and R. Al Allam}
Physics Department, Faculty of Science, Benha University, Benha 18518, Egypt

In the present work, the spectra of some even-even isotopes are studied through selecting of
core-cluster decomposition of the parent nucleus. The considered nuclei lie in the rare-earth and
the transition metal regions. The Schrédinger equation can be solved using Bohr-Sommerfeld
relation and the modified Woods-Saxon beside Coulomb potentials to reproduce the spectra of
these isotopes with mass number (154 < A < 168). The theoretical calculations of the excitation
energies of the ground-state rotational band are compared to the experimental data. The cluster
model calculations show a good agreement with the experimental data for the transitional and
rotational nuclei more than the vibrational nuclei. Some negative parity bands of the chosen
nuclei are studied. The core-cluster charge products are correlated with the transition probability
B(E2:27 = 0T).

Keywords: Core-Cluster Model ; Correlation ; Heavy Nuclei ;Bohr-Sommerfeld Quantization

I. INTRODUCTION

The cluster model of nuclear structure is well established for light nuclei [1-3]. The presence of alpha
-particle cluster states in light nuclei has been agreeable for a long time [1]. Many indications showed that
the nuclear cluster can be applied to the actinide and the rare-earth deformed nuclei [4-11]. The cornerstone
of this model is that the parent nucleus can be treated as two component nuclei, i.e. two-body system,
each of them has its own state characteristics and interacting through a local deep potential [12].The choice
of core-cluster decomposition can be executed by many methods. One of them was proposed by Buck
[13], in which the main criterion of the core-cluster selection is dependance on available information of
experimental and theoretical binding energies for both core and cluster. The energy levels of the ground-state
rotational bands of many actinide nuclei are well reproduced using a binary cluster model [14].The spectra
of even-even nuclei and the transition probability have been studied for the transition element isotopes of
Hf [15]. The properties of alternating parity bands in actinides and Ce, Ba, and Nd isotopes have been
explained [8]. Also, it was able to calculate the rotational bands and the electric dipole transitions between
the parity doublet members [9]. For the first time, the low-lying alternative parity band were predicted in
the heaviest nuclei and many properties were studied for these heavy nuclei [10]. The multiple negative and
positive parity rotational bands in ?4° Py were described [11]. We attempt to study the ground-state rotational
band of some transition metal region nuclei with mass number (88 < Ay < 118) using the core-cluster model[16].

In the present work, the ground-state rotational band of some even-even nuclei (1°47160Dy 156162 gy
158=164y7py 160-166F £ and 162-1681)) in the rare-earth and transition metal regions are studied using the
cluster model.

The outline of the paper is as follows, in section II, we discuss the cluster model beginning with the selection of
the even-even core and cluster for the chosen nuclei and study the spectra of the selected nuclei. Section III is
devoted to the results and discussion.
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II. THE USED MODEL

A. Choice of the Core-Cluster

The general method of selecting core and cluster is to choose the possible preference combinations that have
internal stability [17], so that an even-even nucleus of mass and charge (Ag, Zr) should be split into an even-even
core (A1, 7)) and cluster (Ag, Z3) such that the function D(1,2) is maximized as:

D(1,2) = [Ba(Z1, A1) — Br(Z1, A1)] + [Ba(Z2, A2) — Br(Z2, A2)] (1)

Where (1,2) refer to the core and cluster, respectively. B4 is the actual binding energy and By, is a liquid drop
binding energy which given by:

A—27)?
By = ayA — a A3 — q, 72 A3 — % +6 (2)

With a, = 15.56, as = 17.23, a. = 0.697, a, = 23.285, and § = 12471/2 with all values in MeV. For the
selected nucleus, when the conditions A1 = Ay — Ay and Z7 = Zp — Zy are applied, D remains a function of
two independent variables; the cluster mass and charge, (A, Z2). Moreover, electric dipole transitions between
low-lying bands of opposite parity in heavy nuclei are very weak. This implies that, the total nuclear mass and
charge should be distributed in the same proportion between the core and cluster, resulting in the no-dipole
constraint [18],

71 Zy  Zp
oA A ®)

B. Spectra of Even-Even Nuclei

The Schrodinger equation can be solved using Bohr-Sommerfeld relation. Hence, we can generate the spectra
E(G, L) of the core-cluster decompositions [19]:

[ \/2“ {E(G,L) - {VN(T, R)+Vo(r, B) + W” =(@-L+13 W

212

where r; and 79 are the two inner most classical turning points, p is the relative mass of the core-cluster
decomposition, G is the global quantum number identifying the band levels given by G = 2n + L , L is the
angular momentum of particular level and n is the number of nodes in the radial wave function of the core-
cluster relative motion [20]. For the selected nuclei, in case of positive parity nuclei, we set G = 445 with Ay
the cluster mass, this is appropriate in the present calculations [18]. We study some negative parity bands using
the global quantum number G is one unit larger than for the positive parity bands [21].

The core-cluster interaction in Eq. (4) includes nuclear and Coulomb terms. For the nuclear interaction Vi (r, R)
the modified Woods-Saxon potential [22] is used,

i) = - (252 ) et )
with,
f(ryR,z,a) = { x + L-o
U [T reap((r— R)/a) 1+ eap((r — R)/3a))?

where Vj is the nuclear potential depth, a is nonzero diffuseness and R is the radius of core.
The Coulomb potential Vi is taken as [5],

71 Ze?
Ve(r,R) = %26 for r>R (6)

- 2122}362 [3 (T)z} for r<R (7)
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C. Correlations

In this section, we discuss the Correlations between the core-cluster products (Z1Z5/Zr) and the transition
probability B(E2 : 2t — 01). The expression for B(E2: 2T — 07) is given by [23]:

B(E2) = % [2252 /xA(r)rzxo(r)drr (8)

Where x,(r) is the radial wave function of the core-cluster relative motion for angular momentum A. For
near-identical x [6], we can then write:

VvB(E2) 1 712(lez> )

2 vz
We replace Eq. (9) by less restricted forms

V/B(E2) 1 2(2@) (10)

3 = Qo + —=—=T
A3 ’ Zr

Varm 0

where aq is a parameter that can be determined from plotting the relation between the transition probability

VB(E2)/A2? and 7,2,/ Zr.

IIT. RESULTS AND DISCUSSION

One can divide the considered even-even nuclei into three regions according to the value of Ry. Where Ry
is the ratio between E; and E of the ground-state rotational band. From this ratio we can determine some
properties of the considered nucleus. The ratio R4 takes values (3.0 < R4 < 3.33) for the rotational region,
while for vibrational region is (2.0 < R4 < 2.4). The R4 of the transitional region have intermediate value
between vibrational and rotational region (2.4 < Ry < 3.0) [24]. In the present work, the nuclei (1547169 Dy,
156162 pp.  158—164y7p 160166 [y ¢ = and 162-16811/) are considered. These nuclei represent both rare-earth and
transition metal nuclei as shown in Table(I). One can notice that, the rare-earth nuclei (g6 Dy, ¢s Er, and 70Y'd)
transfer from vibrational to rotational region. It is obvious from Table(T), the isotopes of these elements are
varied from vibrational to rotational region by increasing the number of neutrons (from 88 to 94). While in
transition metal nuclei (72H f and 74W), the considered isotopes are varied from vibrational to transitional
region by increasing the neutrons number (from 88 to 94).

Tab. I: R4 values for the chosen Even-Even Nuclei.

Isotopes || Isotones =
BDy [Er [Fve [0Hf [1EwW

Ry = E4/E> |2.23 2.314 2.331 2.306 2.252
By B [10ve [HS W

Ry =E4/Ey |29 2.743 2.626 2.559 2.478
B0y B (Ve [BHT W

Ry =FE4/E> |3.2 3.099 2.923 2.786 2.681
WDy B Yo [HS W

Ry = E4/E> |3.27 3.23 3.127 2.966 2.821
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Also, this table shows that isotones with (N = 94 and 66 < Z < 70), the rare earth nuclei are rotational nuclei.
However, the transition metal nuclei with (N = 94 and 72 < Z < 74) are transitional nuclei. We have studied
the experimental data [25] to determine the levels of the ground-state rotational band of the considered nuclei

using the relation between the moment of inertia (2]/ h2) and the square of the angular frequency (hw)

fig. (1)].

2
Fig. 1: The relation between the moment of inertia (h—g) and the square of angular frequency (hw)2
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There is a strong evidence for anomalous behavior of the moment of inertia at (I™ > 61) for the
considered nuclei. Also, one can notice that, these anomalies are reduced with increasing the mass number.

We selected the appropriate core-cluster decomposition for considered isotopes in rare-earth and transition
metal nuclei using Egs.(1) and (2). The experimental binding energies for different nuclei are taken from Ref.
[26]. We calculated D(1,2) as a function of the cluster charge Zs using Eq.(1). Fig.(2) represents the plotting
of the function D(1,2) versus the cluster charge Zs.
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Fig. 2: D(1,2) as a function of cluster charge Z> for some considered nuclei.
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From this fig. (2), one can notice that, there are two maxima at Z; = 2 and 6. Therefore, clusters 1*C" and
14C are considered according to the decompositions given in table(I).

Tab. II: The decompositions of the chosen parent nuclei.

Nucleus|First decomposition|Second decompositions
1ip, NG 120 Wong + Mo
156 )y, Wing 120 2Ny o
158 )y, uoNg 120 Wing o
160 py,, usNg 4 120 WoNg | Mo
136 Mig, | 120 H2g, L HC
138 oy Uog, 1 120 Hig, 4 HCo
160 . Usg, 1 120 Uog, 4 Mo
162 o 10gm 4+ 120 Usg, | Mo
138y, Wy + 20 HWag + Mo
160y, WBag + 2o Ugq + HC
162y g4 + 20 Wgy 4 Mo
164y 2aq 4 2o 0G4 +
g Wpy + B¢ 146]_)Y + Mo
g Bpy ¢ 2o uspy | Mo
iy | 2py + B¢ opy 4 Mo
wgr| py + B¢ rpy 4 Mo
1e2yy g, 4 20 WSp. L Mo
Ledyy 2o 20 g, 4 Mo
1661y Bip. L 120 152Er + e
1681y 1 p. 4 120 Bip, L Mo

The energy levels of the ground-state rotational band for the considered nuclei can be obtained from solving

Eq. (4) numerically. The modified Wood-Saxon potential parameters are taken as; Vy = 55 £ 1 MeV,

a = 0.735 £ 0.005fm, = = 0.335 + 0.005, while the core of radius R is considered as free parameter which is
adjusted through the x? — test. Tables(IIT) to (VII) show the comparison between the calculated energy levels
of the ground-state rotational band and their corresponding experimental data [25] for the considered nuclei.

Table(III) represents the comparison between the experimental data and the theoretical values of 154160 Dy
isotopes. The ground-state rotational band is up to I™ ~ 16T in =169 Dy isotopes. This table shows that
a satisfied agreement between the experimental and theoretical values exist. The deviation between the ex-
perimental and theoretical values increase at I™ > 14T, however, a good agreement can be shown in case of

156—158 Ny isotopes at I™ < 167, which lie in the transitional and rotational regions according to its R, values.
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Tab. III: Shows the comparison between the calculated energy levels of the ground-state rotational band in MeV and
their corresponding experimental data for 1547150 Dy [25].

Excitation Energy 154 Dy 156 Dy 158 Dy, 160 ny,
Im Exp.| 12C | ¥C || Ezp.| *C | Y*C || Exp.| 12C | **C || Ezp.| 2C | Y*C
ot oloflofololofolo]olol]o]o
2t 0.334]0.556|0.266 | 0.138|0.171{0.246|0.099| 0.111{0.230||0.087 |0.080 | 0.241
4t 0.747(0.792|0.636 | 0.404|0.416{0.541|0.317|0.370| 0.533 | 0.284/0.340| 0.546
6" 1.224(1.161|0.964/0.770|0.788[0.782 | 0.638|0.698|0.749 | 0.581{0.672|0.757
g+ 1.747|1.627|1.487 1.216 | 1.246| 1.137 | 1.044|1.141{ 1.109 0.967|1.120 | 1.112
10" 2.304|2.186(2.082 | 1.725(1.815|1.537 || 1.520| 1.634|1.535 | 1.428|1.599|1.547
12+ 2.893|2.7462.820 || 2.286(2.369|2.079 || 2.049|2.197|2.039 || 1.950|2.175|2.031
14+ 3.509|3.408|3.543 2.887|3.035(2.547 | 2.612| 2.784]2.568 | 2.513|2.768| 2.574
16" 4.090(4.126|4.3903.523|3.738|3.125|3.190| 3.4413.137 3.089|3.437|3.172

| X —test | Joaz2toa97]  Jo.035[0.227]  Jo.o70]o.185]  Jo.143[0.301]

Table (IV) shows the calculated values compared with the experimental ones of %6762 Fr isotopes. The
ground-state rotational band up to I™ ~ 167 in 1%6=162 By isotopes. One can notice that, there is more agreement
in the lowest excited state levels of Er-isotopes except for '°Er. The deviation between the experimental and
calculated values increases at I™ > 127, Also, this table shows a good agreement between the experimental and
theoretical values in case of *8~162 Er isotopes, which lic in the transitional and rotational regions.

Tab. IV: Shows the comparison between the calculated energy levels of the ground-state rotational band in MeV and
their corresponding experimental data for 567162 By [25].

Excitation Energy 156 gy 158 By 160 gy 162y
Im Exp.| 12C | ¥C || Eap.| 2C | Y4C || Exp.| 12C | *C || Exp.| 2C | *C
0t ololofololofolololf ofol]o
2t 0.3450.5560.682/0.192|0.1860.201||0.126 |0.093|0.079 | 0.102[0.121|0.133
a4t 0.797|0.898|1.02010.527|0.539{0.529|0.389|0.391|0.413 | 0.330| 0.362| 0.438
6" 1.341|1.285(1.337((0.970{0.912|0.853|0.765(0.760| 0.744||0.667| 0.721 | 0.647
8t 1.959(1.810(1.831|[1.493| 1.429|1.3531.229| 1.239| 1.241 | 1.097 | 1.178 | 1.000
10" 2.633|2.346|2.3322.072(1.976|1.860 | 1.761| 1.757| 1.736 | 1.603| 1.742| 1.409
12+ 3.314/2.997|2.959 2,680 |2.629[2.476 || 2.340 | 2.374|2.373 2.165 | 2.284|1.897
14+ 3.8363.6763.649|3.190 |3.314(3.151|2.9323.051|3.036 || 2.745 | 2.928 | 2.411
167 4.3804.443|4.385 [ 3.663|4.077(3.910 | 3.466 | 3.792|3.796 || 3.202|3.620|2.967

| XP—test | Joassloasie]  o.0s9]o.088]  o.044]o.061]  0.073]0.190]

Table (V) represents the comparison between the experimental data and the theoretical values of 8-164yp
isotopes. The ground-state rotational band is up to I™ ~ 161 in 8~164Y’p isotopes. This table shows that
a good agreement between the experimental and theoretical values except in case of 8Y'h, which lie in the
vibrational region.
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Tab. V: Shows the comparison between the calculated energy levels of the ground-state rotational band in MeV and
their corresponding experimental data for '587161yp [25].

Excitation Energy 158yp 160yp 162y 164y,

Im Exp.| 2C | YC || Ezp.| 2C | Y*C || Ezp.| 2C | Y*C || Exp.| ?C | Y¥C
ot ololoflololol]olo]oll ool o
ot 0.358/0.673]0.725(0.243(0.393|0.427||0.167]0.216|0.226[ 0.123| 0.157| 0.075
4t 0.835/1.005|1.063(0.638(0.727]0.763||0.487[0.552| 0.562([ 0.386 | 0.418| 0.412
6+ 1.403|1.384|1.384//1.147|1.100 | 1.088 || 0.924|0.921 | 0.882 | 0.760 | 0.761 | 0.738
8+ 2.047|1.895|1.8831.736|1.620|1.593 || 1.446 | 1.448 | 1.381 || 1.223|1.215|1.250
10+ 2.743|2.415|2.3822.373|2.141 |2.097 || 2.024|1.974|1.880 || 1.753|1.766 | 1.739
12+ 3.4263.051|3.013(2.959[2.777(2.721 || 2.634|2.613 | 2.493|| 2.330| 2.284| 2.381
14+ 3.934/3.745|3.6953.363[3.460|3.392||3.257|3.27613.145|| 2.899| 2.920| 3.039
16+ 4.502|4.475|4.446 || 3.847[4.192|4.164||3.879[4.016|3.915|| 3.388| 3.569| 3.808

X2 —test || [0.289]0.377] |0.147]0.197] 10.025]0.054]] 0.020]0.086]

From the previous tables, one can notice that the agreement between the experimental and theoretical
values increases with increasing the mass number of these isotopes. Also, the agreement between the experi-
mental and the theoretical values manifest a weak agreement in the vibrational nuclei as **Dy, %SEr, and
158y'h while the agreement gets better in the transitional and rotational nuclei such as DY, 169 Er and 164Yb.

Table (VI) shows the comparison between the calculated and experimental values of =166 f isotopes.
The ground-state rotational band is up to I™ ~ 16 in 1607166 [ f isotope. From this table, one can notice a
satisfied agreement between the theoretical and experimental values except for ' H f. The deviations between
the calculated results and experimental data decrease when the considered isotopes varied from the vibrational
to transitional region through increasing the neutrons number.

Tab. VI: Shows the comparison between the calculated energy levels of the ground-state rotational band in MeV and
their corresponding experimental data for '®°~1%¢ [T f [25].

Excitation Energy 160y ¢ 162y ¢ 64y 166 py £
Im Exp.| 12C | MC || Ezp.| 2C | Y4C || Exp.| 12C | *C || Exp.| *2C | YC
0* ololofoflolofoflololfo]ol]o
2+ 0.389]0.778|0.812/0.285/0.510{0.613||0.202| 0.331{0.346|0.158 |0.178| 0.194
4t 0.898|1.098|1.132/0.729|0.826{0.940|0.587| 0.666| 0.684 | 0.470|0.500| 0.525
6" 1.493[1.457|1.453(/1.293|1.197(1.271 || 1.085|1.023|1.001 || 0.897|0.864|0.846
8+ 2.147|1.961|1.948 | 1.940( 1.697| 1.754 1.669| 1.542| 1.495 || 1.406| 1.379| 1.352
10+ 2.814|2.478|2.4322.635(2.214|2.251 || 2.304|2.042| 1.988 [ 1.971| 1.896| 1.831
12+ 3.474|3.0983.054 3.185(2.835|2.868 || 2.870| 2.665| 2.609 || 2.566| 2.521 | 2.460
14+ 4.076|3.801|3.7423.566|3.540|3.538|3.209| 3.362| 3.268 | 3.009|3.183|3.110
16" 4.735(4.488|4.454]4.067|4.223|4.279|3.677|4.052| 4.015 || 3.449| 3.895|3.866

| X’—test | Jo373Jo4s0]  Jo.280]0.355]  Jo.1s4]0.200]  0.070]0.081]

Table (VII) represents the comparison between the experimental and the theoretical values of *02=181¥/ isotopes.
The ground-state rotational band is up to I™ ~ 161 in 1527168}/ isotope. From this table, one can notice a
good agreement between the theoretical and experimental values in case of '56~1681} isotopes, which lie in the
transitional region.
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Tab. VII: Shows the comparison between the calculated energy levels of the ground-state rotational band in MeV and
their corresponding experimental data for 5215811 [25].

Excitation Energy 162y 164yy 1661y 168y
Im Exp.| 12C | ¥C || Ezp.| *C | Y*C || Exp.| 12C | **C || Ezp.| 2C | Y*C
0F ololofololofololollo]o]o
2t 0.449(0.870|0.942 0.332|0.656{0.650|0.252| 0.438|0.281 | 0.1990.292{ 0.409
At 1.012(1.165|1.263(/0.822|1.021[0.975 | 0.676|0.749|0.606 [ 0.562|0.609|0.709
6+ 1.638(1.5221.568||1.429|1.367|1.335 1 1.226[1.109|0.964 | 1.042(0.964|1.081
8+ 2.267|2.013(2.038|2.115(1.857|1.817 | 1.865| 1.602| 1.450 | 1.600| 1.466|1.573
10" 2.823|2.528(2.5182.830(2.428|2.421 || 2.551|2.108(2.055 | 2.202|1.967|2.177
12+ 3.442(3.138|3.1123.438(3.096|3.083||3.031|2.717|2.724| 2.817 |2.575| 2.834
14% 4.122|3.807|3.8113.830|3.769 | 3.847 | 3.356|3.403|3.495 1 3.419(3.275 | 3.591
16" 4.851]4.529|4.463 4.338|4.523|4.668 | 3.821|4.082|4.297 || 4.003| 3.936|4.433

| X>—test | losrrfoaes]  Jo3sifo.3eo]  lo.289]0.410]  Jo.110]0.191]

Table (VIII) shows the calculations of the energy levels of some negative parity bands of some selected nuclei
and their corresponding experimental data [25]. The considered nuclei are %4 Dy, ¥6Er 164y 64H f and
16611/ The predicted values of some negative energy states are given. One can notice a good agreement between
the theoretical and experimental values in case of **Dy and %6 Er nuclei.

Tab. VIII: Shows the comparison between the calculated energy levels of some negative parity bands in MeV and their
corresponding experimental data for **Dy, P Er, 14y, Y4 H f and 55w [25].

Excitation Energy 154Dy 156 gy 164yp 1647 f 16617

Im Exp.| 12C || Exp.| 1*C || Exp.| 12C || Exp.| 12C || Exp.| 1*C
1 0.946 1.067 0.864 0.705 0.858
3” 1.207]1.223]1.303|1.326 1.118 0.957 1.157
5~ 1.545(1.466(/1.611|1.574([1.442|1.373(/1.520(1.250({1.587|1.393
- 1.964]1.858{/2.029(1.967(|1.674|1.758||1.836|1.650({1.928 |1.792
9~ 2.42112.2671/2.490(2.356(/1.999(2.132([2.245|2.170]|2.337|2.292
11~ 2.882(2.777(/2.924]2.847(|2.400(2.618[2.698 |2.716|(2.742|2.826
137 3.3903.297||3.433|3.372(|2.863|3.121||3.155|3.342(|3.173|3.454
15~ 3.98213.912{/4.035|3.946(|3.377|3.687|3.700(4.026 || 3.722|4.108
17~ 4.642|4.532(|4.711|4.568|3.941(4.299(4.335[4.738||4.3784.820
197 5.338|5.1921/5.495|5.202|4.552]4.912|[5.009|5.476|{5.114|5.557

> —test || Joose]  Jooso]  Jo205]  [o.422]]  Jo.240]

One can notice the results of the calculations of the isotopes of any element have good agreement with ex-
perimental data when the mass number of parent nucleus increases. One can notice that, a good agreement
between the theoretical and experimental energy levels in case of the transitional and rotational nuclei with
increasing the neutrons number for the considered transition metal and rare-earth nuclei. It can be shown from
the obtained results that 2C as a cluster are better than *C as a cluster, since '2C is more stable than C .
Fig.(3) shows the relation between the measured values of w/B(E2)/A§/3 and (Z1Z5/Z7) according to Eq.
(10), where the experimental data are taken from Ref. [27]. The solid line is the best fit of the data. The
gradient= 7'5/\/@, so that rg = 3 fm and the intercept ag = —8.4361.
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Fig. 3: Shows the plot of the measured values of \/B(EQ)/A2T/3 versus (Z1Z2/Zr).

IV. CONCLUSION

In the present work, the applicability of using the core-cluster model in the rare-earth and the transition metal
regions for even-even nuclei is investigated. The energy levels of the vibrational nuclei (such as %4 Dy, 156 Er and
1607 ), of the transitional nuclei (such as '0Yb, 12 H f and '®4W) and the rotational nuclei (such as *¢° Dy,
162 By and '64YD) are studied. The function D(1,2), is used to determine the core-cluster decompositions of the
considered nuclei. One notices that, the suitable cluster charge is 6 where, 12C and “C clusters are considered.
One can notice that, the 12C' cluster results gives more agreement with the experimental data, according to x?—
values. The calculations of the core-cluster model are more accurate in describing the ground-state rotational
band in case of transitional and rotational nuclei than the vibrational one. Also, the core-cluster model is used
to study the spectra of negative parity bands for some selected isotopes where, the values of the first negative
energy states are predicted. The core-cluster charges are correlated to the measured B(E2) values to predict the
ro—value. Therefore, the core-cluster model can be used in testing its applicability on vibrational, transitional
and rotational regions for heavy deformed nuclei.
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